Introduction. An important problem in the theory of discrete groups is to decide when two Möbius transformations ƒ, g acting on the Riemann sphere C generate a Kleinian group, that is, a discrete group whose limit set contains more than two points. We examine a sequence of subgroups defined by iterating the commutator of the generators; after normalization the traces of the commutators of successive subgroups are related by a quadratic polynomial R. If the trace of the commutator of the original group lies in the region D, then a detailed analysis yields a convergent sequence of elements contradicting discreteness. The main difference in our approach is one of emphasis. Earlier results were obtained by looking for conditions which guarantee the existence of such a sequence. We study the region D and let its geometry dictate what the hypotheses should be.
A Möbius transformation ƒ is elliptic, parabolic, hyperbolic or loxodromic if ƒ is respectively conjugate to a rotation, a translation, a homothety or a homothety plus a possible rotation. Given Möbius transformations ƒ and g we introduce the parameters 7 = y(ƒ, g) = tr([/, *]) -2, 0 = /?(ƒ) = tr 2 (ƒ) -4, where [ƒ,g] denotes the commutator fgf~lg~{ and tr(/) the trace of the matrix representing ƒ in SL(2,C). Then ƒ is elliptic if /? e [-4,0) , parabolic or the identity if /? = 0, hyperbolic if fi e (0, oo) and loxodromic if p £ [-4,0] . (See [Be and Ml] The Mandelbrot set M is the set of c for which the filled in Julia set D(fi) has a connected boundary. Generically then, if c lies in M, int(Z>(/?)) will be nonempty and we obtain an inequality for (y,ft) which must be satisfied in order that ( ƒ, g) be Kleinian. For example, the two fixed points for Rp are 0 and fi + 1. If |/?| < 1, then 0 is attracting, all eventually periodic fixed points in int(D(/?)) must eventually orbit onto 0 and hence P*(fi) n int(Z)(/?)) = 0. Next Both inequalities are due to Jorgensen, who obtained the first by iteration and the second from the first using the Lie product [Jl, J2] . Indeed, the symmetry property of Rp about fi/2 can, in turn, be used to define this product [GM1] .
When ƒ is not parabolic, the set £ 2 (0,1 -\fi\) UB 2 (/3,1 -\0\), excluded for y in Corollary 1, generally constitutes only a small portion of the set £>(/?). See, for example, Figure 1 . The filled in Julia sets D(0) for (a) fi = 0.8 and (b) P = 1.048. The banding indicates the iteration scheme. In (a) P*(fi) consists only of a countable dense subset of the boundary. The cross hatched disks are those given by Jorgensen's inequalities. Notice the symmetry about the critical point. In (b) P*(fi) consists of a countable dense subset of the boundary together with those points at which the banding accumulates. The set (b) comes from the (2,3,7) Triangle group whose parameters are those of the period two attracting cycle. Notice in (b) Jorgensen's inequality yields no information as \fi\ > 1.
The inequalities in Corollary 1 are sharp [JK] ; they hold with equality 2 only when B (0,1 -\f}\) meets the Julia set dD(fi) in an eventually periodic point. This fact yields a conceptually simple proof of the stability and structure of groups for which either of these inequalities holds with equality [GM2] .
Theorem 1 does not exclude the possibility that y e P*(fi) c D(/3); hence there are exceptions to a general analysis about the attractive periodic cycles. We say that a Kleinian group (ƒ, g) is extremal if y e P*(P) and exceptional if y e P*(fi) fl int (D(fi) ). Both classes of groups exist. Since the eventually periodic points are isolated in int(Z>(/?)), we see for purely combinatorial reasons that these groups are quite isolated in the space of all discrete groups [GM3] . Maiié, Sad and Sullivan show that generically the structure of the filled in Julia set is stable under perturbation [MSS] ; this also implies certain rigidity properties of exceptional groups.
The relations in Theorem 1 yield algebraic and geometric properties of extremal groups and show this apparently combinatorial property is a homomorphic invariant of the group. For example, the only exceptional Fuchsian groups are the (2,3,7) and (2,4,5) triangle groups. Among the extremal groups are the (3,3,4) and (2,3,/?) triangle groups, some knot complements and some compact hyperbolic three manifolds that fiber over the circle [J3] .
When |/J + 2| < 1, /? + 1 is an attracting fixed point for Rp. An analysis of the exceptional groups yields the following result.
COROLLARY 2. Suppose that ( ƒ, g) is Kleinian. Then |y-j8-l| + |j8 + 2|>l and \y + 1| + \fi + 2| > 1 unless y = /? + 1 in the first inequality or y = -1 in the second.
This result was also discovered recently by Tan [T] . The following inequalities result from a study of the critical point fi/2. 
The Real Polygon
There are no parameters for discrete groups in the polygon except those that are eventually one of the groups indicated. REMARK 1. With these exceptions, no Kleinian group ( ƒ, g) has parameters in int(Q). On the other hand, there are many groups with parameters in <9Q. For example, each integer lattice point in dQ, corresponds to a discrete group which is also nonelementary whenever 7^0. Moreover, the (2,3,/?) triangle groups correspond to points in dQ, which accumulate at the point (0,-1) corresponding to the (2,3,00) group. That the groups with {y,fi) = (-n,-n), n = 1,2,3,4, are discrete follows from recent results of Maskit [M2] .
REMARK 2. Theorems 1 and 2 yield necessary conditions for the parameters (y,/?) of a Kleinian group (f,g). Other conditions result from looking at parameters corresponding to subgroups, new generators or the Lie product [T] . For example, let o be an element of the group generated by the reflections <Kv, fi) = (v,v-fi-4) , y(y, fi) = (fi-y, fi), a group isomorphic to S3. Then the parameters (y>fi) are admissible for a discrete group (ƒ, g) if and only if the parameters o(y, fi) are. This fact yields four additional pairs of inequalities, equivalent to those in Corollaries 1 and 2, and a larger excluded region in Theorem 2.
5. Geometric estimates. The inequalities above contain geometric information about the Kleinian group (f,g). For example, those in Corollary 1 imply that ƒ and g cannot both be close to the identity. We conclude with two explicit estimates which quantify this fact. (See also [W] .) The first is given in terms of the matrices A and B, which represent ƒ and g in SL(2,C), and the norm ||C|| = tr(CC) 1 / 2 . The second estimate involves the metric
where q denotes chordal distance in C. Thus each discrete Möbius group is conjugate to one in which distances between distinct elements are bounded below by a universal constant.
